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Finite Element, Large-Deflection Random Response of
Thermally Buckled Beams
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The effects of temperature and acoustic loading are included in a theoretical finite element, large-deflection
formulation for the random response of thin, isotropic beams. Thermal loads are applied as steady-state
temperature distributions, and acoustic loads are taken to be ergodic and Gaussian with zero mean and uniform
magnitude and phase along the length of the beam. Material properties are considered to be independent of
temperature. Also, in-plane and rotary inertia terms are assumed to be negligible, and all in-plane edge
conditions are taken to be immovable. For the random response analysis, both auto- and cross-correlation terms
are included. The nature of the loads leads to the solution of two separate problems. First, the problem of
thermal postbuckling is solved to determine the deflections and stresses due to the thermal load only. These
deflections and stresses are then used as initial deflections and stresses for the random vibration analysis.
Root-mean-square maximum deflections and strains are obtained and compared with previous classical equiva-
lent linearization results.

Introduction

MODERN applications of structural mechanics frequently
involve the use of high strength, lightweight materials

that are designed to endure combinations of severe static and
dynamic loadings. These severe loadings can produce nonlin-
ear structural behavior, which has typically been dealt with in
an empirical fashion by testing various structural components
in simulated loading environments. However, with advanced
materials, structures can be tailored for a specific purpose,
and since testing is not practical for every conceivable struc-
tural configuration, the best design could be one for which no
test data are available. To better evaluate potential designs,
nonlinear analysis methods have been developed for particular
types of structures and loadings, but situations do occur for
which general-purpose nonlinear analytical methods are not
available, for example, lightweight thin structural components
subjected to a combined thermal-acoustic loading.

Current analytical design methods for sonic fatigue1'5 are
based primarily on linear structural theory with empirical
corrections to account for nonlinear behavior and are valid
only for specific applications. Numerous studies, both classi-
cal6'10 and finite element,11"13 have demonstrated that analyti-
cal predictions for acoustically loaded plates and beams are
greatly improved using nonlinear multiple-degree-of-freedom
models. Of these studies, only Seide and Adami10 have consid-
ered the response of structures subjected to thermal-acoustic
loading. They used the classical Woinowsky-Krieger beam
equation to model the random response of thermally buckled
beams. It was concluded that as many as 100 modal functions
could be necessary for the accurate determination of stresses.
The present study is the first finite element formulation for the

large-deflection random response of thermally buckled beams.
It should greatly aid in the development of improved analyti-
cal design methods for aerospace vehicles subjected to a com-
bined thermal-acoustic loading. Results are found to be in
excellent agreement with Seide and Adami's 100-mode classi-
cal beam solution.10

Mathematical Formulation
The governing nonlinear equations of motion are derived

for a beam subjected to a combined thermal-acoustic loading.
The thermal loading is considered to be a static preload with
corresponding static deflection w0. To compute the deflection
w0, it is necessary to solve the problems of thermal buckling
and postbuckling. The uniform acoustic loading p is then
applied to the thermally buckled beam shown in Fig. 1. Note
that the random deflection w is measured with respect to the
initial static deflection w0.

Nonlinear Equations of Motion
The von Karman large-deflection strain-displacement rela-

tion for an initially deflected beam14 is given by

where

e = e + ZK.

e = em + eb

em = u,x

eb = ViwJ +

(1)
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Fig. 1 Thermally buckled beam.
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where e is the axial strain, K is the curvature, u and w are
displacements in the x and z directions, respectively, and w0 is
an initial displacement.

For an isotropic Hookean beam subjected to a temperature
distribution AT(x), the in-plane force and moment resultants
are given by

N = EAe + NQ-

M = M0 (2)

where 7V0 and M0 are the initial in-plane force and bending
moment, respectively. The principle of virtual work states that
for a structure in equilibrium under the action of internal and
external forces, the work done by these forces in undergoing
an infinitesimal virtual displacement is zero. For the present
problem, this can be stated as

where dW\nt represents the virtual work of the internal forces
and <5Wext represents the virtual work of the external forces.
The virtual work of the internal forces can be written as

x (4)

and the virtual work of the external forces including inertia
and damping forces is given by

For displacement functions

w = ai + oi2x + a3x2 + a4x3 = [Hw] { a }

the generalized coordinates

U1

Fig. 2 Beam element nodal displacements.

where

and {ab0} are the initial nodal displacements. Using Eqs. (10),
the virtual strains become

dem = [Bm][dam]

5eb=8[Bd]{dab}+60[Be]idab}

dK=[Bb][dab] (11)

Combining Eqs. (1-6), (9), (10), and (11), the element equa-
tions of motion can be written in the form

a] - [p]

= [P] (12)

where [n\], [n2], [7VJ, and [N2] represent the element and
system first- and second-order nonlinear matrices, respec-
tively. A complete description of these matrices is given by
Locke.15

[k + 1/2/1, + V3n2][a]

with corresponding system equations

can be determined from the nodal displacements

[ a ] T = [ [ a b ] T , [ a m ] T ]

where

(7)

(8)

[ a m } T = [ul9 u2]

These nodal displacements for the beam element are shown in
Fig. 2. The generalized coordinates written in terms of the
nodal displacements are given as

=(Tb][ab]

(9)

where [Tb] and [Tm] are transformation matrices. Explicit
expressions for [Tb] and [Tm] can be found in Ref. 15.
Combining Eqs. (1), (6), and (9), the element strains can be
expressed as

em = [Bm](am]

eb = V2d[B8][ab} + e0[B0][ab]

* = [ B b ] ( a b ] (10)

Thermal Postbuckling
For the thermal postbuckling of a beam that is initially flat

and unstressed, the equations of motion can be obtained from
Eq. (12) by taking w0, 7V0, and M0 equal to zero and by
neglecting the dynamic terms. The resulting equations of mo-
tion take the form

[K + /27V, + V3N2][Q} = (P) (13)

Equation (13) can be solved for a given thermal loading by
using the method of Newton-Raphson iteration, which for the
present problem can be written as

where

[K^Nl+N2]i[AQ}i+l= (AP) ,

/ = (P) - [K + ViN, + V*NMQ\<

(14)

For a given iteration /, Eq. (14) can be solved to obtain the
incremental displacement {AQ ]j+\, which can then be used to
obtain the updated displacement ( Q ] i + \ . The solution was
considered to be converged when either the modified absolute
norm or the modified Euclidean norm16 were less than or
equal to 10~6.

Large-Deflection Random Vibration
The equations of motion for large-deflection random vibra-

tion can be obtained from Eq. (12) by setting A7"(;c) equal to
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zero where w0 represents the buckled shape with correspond-
ing in-plane force NQ and moment M0. Under these conditions
the equations of motion take the form

r [*»]
J[**»]

+-\l3 L

(Kmb]T] i r [Ni6]
[*m] J 2 L[Nlm6]

V26] Ol
o oJJ f ( Q * ! l + £

UQmU
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0

r

[ 0

,]rl
-!

°1oj
fie*)
I o

[Mb]
0 0 0

IP*'.
0 (15)

where the damping matrix has been taken to be proportional
to the mass matrix. If the in-plane displacements are expressed
in terms of the bending displacements, the linear frequencies
<o; and mode shapes ( < j > ) / for the thermally buckled beam are
given by

[Kb- ^ Km (16)

Solving Eq. (16), the bending nodal displacements can be
written in terms of the mode shapes as

= L ^ / i « ) i (17>/ = i
Using Eq. (17) all of the nodal displacements can be written in
terms of the mode shapes { < / > } / and the modal coordinates <?/,
and Eq. (15) can be transformed to a system of nonlinear
nodal equations expressed as

[q }

(18)

where

[k2]jk = V*[N\b]jk

Consider that Eq. (18) can be written in the form

where

]+;; £*1*1L + t, t,
^ y f c l ; = i A r = l

If Eq. (19) were linear, it could be expressed in the form

(19)

where [k] is an equivalent linear stiffness matrix. The error
involved in using Eq. (20) instead of Eq. (19) is given by the
difference between the two equations as

(21)

The equivalent linear stiffness can be found by requiring that
the mean-square value of [e } be a minimum, that is

E [ [ e } T [ e } \ ~ minimum (22)

Applying Eq. (22), the equivalent linear stiffness can be deter-
mined from the equation17

(23)

If the covariance matrix E [ [ q } { q } T] is known, then Eq. ( 23)
can be used to determine the equivalent linear stiffness [k\.
Conversely, if [k] is known, then Eq. (20) can be used to
determine the covariance matrix. The equivalent linear fre-
quencies and mode shapes for the system described by Eq. (20)
can be determined from the equation

(24)

(25)

Applying the coordinate transformation

where

Equation (20) becomes uncoupled, yielding the modal equa-
tions

(26)

where

For the system described by Eq. (26), the covariance terms for
the case of ideal white noise are given by18

(27)

where

and So is the double-sided spectral density of the uniformly
applied external loading in units of (force/length)2/rad/s.

Using the Residue Theorem, Ijk is found to be

(fli-oj)2 (28)

Typically, the spectral density of the excitation is single-sided
and is given in terms of (force/length)2/Hz; Eq. (27) modified
for this case becomes

(29)

(20) where Sp is the single-sided spectral density of the uniformly
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applied external loading, p = p0 for Eq. (5), in units of (force/
length)2/Hz, and the nodal forces [Pb] of Eq. (15) corre-
spond to pQ - 1 .

Using Eq. (25), the covariance matrix E [ { q } { q } T] becomes

(30)

where the terms for the covariance matrix E[{r]}{r)}T] are
given by Eq. (29). Therefore, Eqs. (23), (24), (26), (29), and
(30) can be used to determine [k] and E[{q } {q } T]. However,
since each of these quantities is dependent on the other, these
equations are nonlinear and, consequently, must be solved
using an iterative method. As a first approximation, consider
neglecting all cross-correlation terms, i.e., £[#/#y-] = 0 for
/ 7^7, and assuming that all of the equations are completely
uncoupled. For this case, the diagonal terms in the equivalent
linear stiffness matrix can be computed from Eq. (23) as

ku = kj + 3 k2mE[qJ] (3D

where kj and A:2^- can be determined from Eq. (18) Alterna-
tively, Eq. (31) can be written as

(32)

Since all of the modes are assumed to be uncoupled, the
equivalent linear stiffness matrix [k] is diagonal and ^ = qj.
As a result of this,/) = f j / m j 9 and E[qJ] can be found from
Eq. ( 29) to be

(33)

Using Eqs. (32) and (33), E[qf] can be determined to be

(34)

where

B =•

\2tmjk2jjjj

The covariance matrix of the displacements { Q b } can be
found using Eq. (17) which yields

(35)

To begin the coupled solution, the cross-correlation terms
E[qi q^ for the covariance matrix can be evaluated using Eq.
(29) with the equivalent linear frequencies given by Eq. (32).
Using Eq. (23), the equivalent linear stiffness can be com-
puted. Equations (24), (26), (29), and (30) can then be used to
determine a new covariance matrix, and Eq. (35) can be used
to compute the nodal displacement covariance matrix. If the
convergence criteria

(Awrms)/ 10-

are satisfied, then the iterative process is terminated. Here, / is
the iteration, (Awrms)/ is the change of the center root-mean-
square (RMS) deflection from the previous iteration, and
(Wrms)/ is the center RMS deflection for the current iteration.

This direct iteration method can be used to determine the
mean-square response; however, it is slow to converge. An
improved method to use for hardening-type structures19 is an

under-relaxation approach where displacements are not up-
dated to full values after an iteration. For the present prob-
lem, this method can be used for the covariance matrix as

(36)

where E [ [ q } {q }T]i+ j is the computed covariance matrix for
the current iteration and E [ [ q } [ q } T ] i is for the previous
iteration. This method was found to work very well with
18 = 0.5.

RMS Strains
Using Eq. (1), the extreme fiber strain for a given displace-

ment can be determined to be

For this particular element, the membrane strain em due to
in-plane displacements and the curvature K are discontinuous.
Following Oden and Brauchli,20 these can be transformed to
continuous quantities denoted emc and KC by assuming that the
element displacement functions given by Eq. (6) can also be
used to describe the strains and curvatures. Hence, Eq. (37)
becomes

e ± h/2 = emc + eb ± (h /2)/cc

Equation (38) can be written in the form
n

e±h/2= L temc +eb± (h/2)Kc]j qj

(38)

+ (emc + eb)Jkqjqk (39)
7 = 1 k = 1

Using Eq. (39), the mean-square strain can be evaluated as

E [ ( e ± h / 2 ) 2 ] = t, t,{ [
/ = ! 7 = 1

[emc + eb± (h/2)Kc]j
n n n n

)ij(emc + eb)

E[ql qjqk (40)

and Eq. (40) can be used to determine the RMS strain. A more
complete description of the computational procedures is given
by Locke.15

Results and Discussion
The primary objective of this study was to develop a finite

element formulation for the large-deflection random response
of thermally buckled beams. To verify the finite element for-
mulation, results were compared with previous analytical
studies9'10 for both flat, unstressed beams and a simply sup-
ported beam buckled by a uniform temperature distribution.
All in-plane edges are taken to be immovable. The damping £
is taken to be equal to 2fco0 where f is the damping ratio and
co0 is the fundamental frequency of the initially flat, stress-free
beam. The material properties, mass density, and damping
ratio are taken as 1) Young's modulus, E = 10.5 x 106 psi;
2) Poisson's ratio, v = 0.3; 3) coefficient of thermal expansion
a = 1 2 . 5 x l O ~ 6 in./in./°F; 4) mass density, p = 0.2588 x
10~3 Ib-s2/in.4; and 5) damping ratio, f=0.01 with the
dimensions of the beam being length, a = 12 in.; width, b = 2
in.; and thickness, h = 0.064 in.

A 16-element half-beam model is used to evaluate the con-
vergence characteristics of the present formulation and to
determine the required number of modes for reasonable accu-
racy. The half-beam model was chosen since both the thermal
and random loading are considered to be symmetric. As a
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result, only the symmetric mode shapes are used for the ran-
dom vibration analysis. Sixteen elements were chosen since a
high degree of mesh refinement is necessary to accurately
determine the higher frequencies and mode shapes used for
both the convergence study and subsequent analyses.

The RMS maximum strains obtained using one, two, three,
and four symmetric mode shapes for flat, unstressed beams
are shown in Figs. 3 and 4. Convergence is very rapid, and
comparisons with previous 100-mode classical results9-10 are
excellent as demonstrated in Figs. 5-8. For these figures,
T/Tcr is the ratio of the actual temperature to the critical
buckling temperature, and w/r is the ratio of the beam deflec-
tion w to the radius of gyration r of the beam cross section.
Discrepancies can be attributed to the low-order of the ele-
ment in-plane displacement function as well as the fact that
the classical solutions use such a large number of modes.
Furthermore, the method of equivalent linearization used for
the present study does not make the restrictive assumption
that the equivalent linear stiffness matrix is diagonal, which,
in general, is not true.

Having verified the accuracy of the present formulation, the
RMS strain response at the center of a thermally buckled,
simply supported beam was computed at various sound spec-
trum levels for two cases: a uniform temperature distribution
and a nonuniform temperature distribution. For the case of

a uniform temperature distribution AT(x) = r0, the temper-
ature TQ necessary to produce buckling was found to be
1.87°F, whereas for the nonuniform temperature distribution
AT(x) = T0 sin (wx/a), the temperature T0 to produce buck-
ling was found to be 2.94°F. Although the maximum temper-
ature at the center of the beam is higher for the nonuniform
temperature distribution, the average temperature is the same
(rAVG = 1.87°F) for both cases. The results for the two differ-
ent cases are shown in Figs. 9 and 10. As illustrated at low-
sound spectrum levels, the maximum strain occurs at or near
T/Tcr equal to one. However, at higher sound spectrum levels,
the maximum strain is seen to occur at higher values of T/Tcr.
This indicates that even though the beams become stiffer in
the postbuckling region, the maximum strains occur at tem-
peratures well beyond the buckling temperature for sufficiently
high-sound spectrum levels. This type of strain response is due
to the coupling terms of Eq. (1) that depend on both the initial
deflection w0 as well as the random deflection w.

The present study does not consider the dynamic stability
of the buckled beams. Since the response is assumed to be
Gaussian, the terms related to the stability of the beams [i.e.,
qj[k\]j in Eq. (18)] are not included in the equivalent linear
stiffness matrix [£]. As a result, [k] depends quadratically on
the displacement, and the equivalent linearized beam is stable.
Seide and Adami10 numerically integrated the equations of
motion for thermally buckled beams subjected to random
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Fig. 3 Convergence of RMS maximum microstrain for a flat, stress-
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Fig. 8 RMS maximum microstrain for a simply supported beam
subjected to a uniform temperature distribution.

excitation and compared the results with equivalent lineariza-
tion (EL) results. They concluded that the EL method could be
used to reasonably bracket the numerical integration results
(which include unstable motion ). To bracket the results, they
used two different EL solutions. It is also mentioned that the
numerical integration results could be in error. Thus, it is
impossible to conclude how accurate the present EL results are
without further research.

The most significant contributions of the present study are
considered to be the formulation and solution of the nonlinear
modal equations used to describe the large-deflection random
response. These general modal equations are applicable not
only to the present research but also to other problems involv-
ing nonlinear dynamic response, and the present methodology
can be extended to built-up structures with complex boundary
conditions. For the formulation of the nonlinear modal equa-
tions, the linear mode shapes of the thermally buckled struc-
ture were used. Previous classical solutions have only consid-
ered the mode shapes of the initially flat structure. Therefore,
the present formulation should more accurately reflect the
dynamic behavior of the thermally buckled structure.
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